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Abstract
For each pair of positive integers k and m with k  m there exists a separable metrizable space
X(k,m) such that cmpX(k,m) = k and defX(k,m) = m. This solves Problem 6 from [J.M. Aarts,
T. Nishiura, Dimension and Extensions, North-Holland, Amsterdam, 1993, p. 71].
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1. Introduction
All spaces considered in this paper are assumed to be separable and metrizable. In 1942
de Groot (cf. [1]) proved that a space X is rim-compact if and only if there is a metriz-
able compactification Y of X such that dim(Y \ X)  0. Recall that a space X is called
rim-compact if there exists a base B for the open sets of X such that the boundary BdU
is compact for each U in B. As a generalization of rim-compactness, de Groot defined
the small (respectively, large) inductive compactness degree, written cmpX (respectively,
CmpX), of a space X as follows:
(i) cmpX = −1 if and only if X is compact,
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270 V.A. Chatyrko / Topology and its Applications 152 (2005) 269–274(ii) cmpX  n (n  0) if every point of X has arbitrarily small neighbourhoods U with
cmp BdU  n − 1,
and
(i∗) CmpX = cmpX if X is rim-compact,
(ii∗) CmpX  n (n 1) if every closed subset of X has arbitrarily small neighbourhoods
U with Cmp BdU  n − 1.
The compactness deficiency, written defX, of a space X is the least integer n for which
X has a metrizable compactification Y with dim(Y \ X) n.
In general, the inequalities cmpX  CmpX  defX hold (cf. [1]). It was conjectured by
de Groot that the equality cmpX = defX is valid for every space X (see, for example, [3]).
In [10] R. Pol constructed a space P ⊂ R4 such that cmpP = 1 < CmpP = defP = 2.
The space P was a modification of an example constructed by Luxemburg [8] of a com-
pact metrizable space with non-coinciding transfinite inductive dimensions trind and trInd.
Later Hart (cf. [1]) generalized the Pol construction and presented for every positive inte-
ger n a space X such that defX− cmpX = n. Similar results were obtained independently
by Kimura [5].
In this paper the gap defX − cmpX = n is sharpened. Namely, we prove
Theorem 1. For each pair of positive integers k and m with k m there exists a separable
metrizable space X(k,m) such that cmpX(k,m) = k and CmpX(k,m) = defX(k,m) =
m.
This theorem provides a positive solution to Problem 6 of [1, p. 71]. In [6] Kimura
constructed a nonmetrizable, countably compact, completely regular space X with the gap
property of the theorem. Also a partial solution to the problem was given by Hattori and
the author [2]. Namely, if n is a positive integer and l(n) = 1 + log2 n, then for every k
with l(n) k  n there exists a space X such that cmpX = k and defX = n.
The proof of Theorem 1 uses a strengthened version of Hart’s examples described in
the next section, the spaces X(n), n 2, and a sufficient condition for a space X to satisfy
defX  n (or equivalently, SklX  n) provided by Lemma 1 below. Finally, with the aid
of results from [2], it is shown in Theorem 2 below that the space X(n) is the union of
n + 1 rim-compact closed subsets and that it never is the union of n such subsets.
Our terminology follows that of [4] and [1].
2. Necessary information
Let N denote the set of all nonnegative integers, Q the space of all rational numbers
and R the set of all real numbers. The next definition is essentially due to Sklyarenko.
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base B = {Ui : i ∈N } for the open sets such that for any n + 1 different indices i0, . . . , in
the intersection BdUi0 ∩ · · · ∩ BdUin is compact.
In [7] Kimura showed that the topological invariant Skl characterizes the compactness
deficiency def. Namely,
Theorem A [7]. The equality SklX = defX holds for every space X.
Let us give a brief description of Hart’s example mentioned in the introduction. Indeed
we shall describe a strengthened version of Hart’s example that will be more suitable for
our purposes. For this, n is a natural number  2. Denote the interval [−1,1] by I and
denote the ith coordinate of a point x in In by xi . Define for 1 i  n the sets
Ki =
{
x ∈ In: −1 xi −13
}
and Li =
{
x ∈ In: 1
3
 xi  1
}
.
The combinatorial boundary of In will be denote by ∂In. To strengthen Hart’s example we
will need the following well-known lemma.
Lemma. Let X be a metrizable space with dimX  n (n 0), and let D = {(Fi,Gi): i =
1, . . . , k}, where k  n + 1, be a collection of pairs of disjoint closed subsets of X. Then
there are partitions Si between Fi and Gi in X, i = 1, . . . , k, such that dim(⋂ki=1 Si) 
n − k.
With the aid of the lemma we have the following strengthening of Lemma 11.6 of [1,
p. 64].
Theorem B. Let n 2. In the (2n−1)-dimensional cube I 2n−1 there is a base B = {Ui : i ∈
N } for the open sets and for each m in N there are partitions Emj between Kj and Lj for
j in {n + 1, . . . ,2n − 1} such that
Bd(Ui) ∩
⋂
{Emj : j = n + 1, . . . ,2n − 1}
is a finite disjoint union of compact sets of diameter not exceeding 1/(m + 1) when i m,
and dim(
⋂{Emj : j = n + 1, . . . ,2n − 1}) n.
Using the notation of the above theorem, we define the sets
Em =
⋂
{Emj : j = n + 1, . . . ,2n − 1}, m ∈N .
Define also for every n 2 the subspace X(n) of I 2n as follows
X(n) = (∂(I 2n−1)× {0})∪⋃
{
Em ×
{
1
m + 1
}
: m ∈N
}
.
The spaces X(n), n 2, are the strengthened versions of Hart’s examples mentioned in the
introduction. Notice that X(n) is the union of the compact set ∂(I 2n−1) × {0} and the set⋃{Em ×{1/(m + 1)}: m ∈N } whose dimension does not exceed n. Every Hart’s example
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strengthened Hart example we have the added inequality defX(n)  n due to Lemma 1
below. Hence the spaces X(n) satisfy cmpX(n) = 1 and CmpX(n) = defX(n) = n.
To prove the key Lemma 1 we will make use of the following technical statement.
Theorem C [1, p. 13]. Let Y be a subspace of a separable metrizable space X with dimY 
n (n 0). Suppose that F = {Si : i ∈N } is a countable family of closed subsets of X such
that
dim(Si1 ∩ · · · ∩ Sik ∩ Y) n − k
whenever i1 < · · · < ik and 1 k  n + 1. Then for each pair of disjoint closed subsets F
and G of X there is a partition S between F and G in X such that
dim(Si1 ∩ · · · ∩ Sik−1 ∩ S ∩ Y) n − k
whenever i1 < · · · < ik−1 and 1 k  n + 1.
Finally, we need a statement about Cmp from [2].
Theorem D [2, Corollary 2.3]. Let X be a normal space with CmpX = n 1. Then
(a) X cannot be represented as a union of n many closed subsets Y1, Y2, . . . , Yn with
CmpYi  0 for each i.
Furthermore, if X =⋃n+1i=1 Zi , where Zi is closed and CmpZi  0 for every i = 1, . . . ,
n + 1, then
(b) Cmp(Z1 ∪ · · · ∪ Zk+1) = k for any k with 0 k  n;
(c) Cmp((Z1 ∪ · · · ∪ Z1+i ) ∩ (Zi+2 ∪ · · · ∪ Zi+j+2)) = min{i, j} for any nonnegative
integers i, j such that i + j + 1 n.
3. Main results
We first verify the following sufficient condition for the inequality SklX  n to hold;
this is the key lemma used to establish defX(n) = n. Although the proof is very close to
that of Lemma 6.11 of [1, p. 24] we have provided it for the convenience of the reader.
Lemma 1. Let X = Y ∪ Z be a space where dimY = n (n−1) and Z is compact. Then
SklX  n.
Proof. The statement is obvious for n = −1. Assume n 0. Let B1 be any countable base
for the open sets of X and consider the countable collection D = {(Vi,Wi): i ∈N } of all
pairs of elements of B1 such that ClVi ⊂ Wi (here ClVi is the closure of Vi in X). We shall
construct inductively a collection S = {Si : i ∈N } with the properties:
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(2) dim(Si1 ∩ · · · ∩ Sik ∩ Y) n − k whenever i1 < · · · < ik and 1 k  n + 1.
This will be done by repeated applications of Theorem C. Let S′i = ∅ for all i in N . By
induction on m we first construct families Sm = {Si : i < m}∪{S′i : i m} satisfying (2) and
such that the set Si is a partition between ClVi and X\Wi in X for i < m. Let S0 = {S′i : i ∈
N }. Suppose that the collection Sm has already been constructed. By Theorem C there is
a partition Sm between ClVm and X \ Wm such that Sm+1 = {Si : i  m} ∪ {S′i : i > m}
satisfies (2). The resulting collection S = {Si : i ∈N } obviously satisfies both conditions
(1) and (2). Because of (1), for each Si in S there is an open set Ui of X such that ClVi ⊂
Ui ⊂ Wi and BdUi ⊂ Si . Now observe that the collection B2 = {Ui : i ∈N } is a base for
the open sets of X. Indeed, for any open set U of X and any point p in U there is a pair
(Vi,Wi) in D such that p ∈ Vi and Wi ⊂ U , thus p ∈ Ui ⊂ U for this index i. In view of
(2) this base has the property that the equality dim(BdUi0 ∩ · · · ∩ BdUin ∩ Y) = −1 holds
for i0 < · · · < in. Hence, the intersection BdUi0 ∩ · · · ∩ BdUin ⊂ X \ Y ⊂ Z is a closed
subset of the compact set Z. Consequently, SklX  n. 
Remark. E. Pol kindly informed the author that the inequality defX  n of Lemma 1
could also be proved with the help of the following result from [9]. For a separable metriz-
able space X and n = 0,1, . . . , let H(X,n) be the set of all embeddings h of X into the
Hilbert cube I∞ such that dim(Cl(h(X)) \ h(X)) n. Then the following statements are
equivalent.
(i) The set H(X,n) is residual in the function space C(X, I∞).
(ii) The set H(X,n) is dense in C(X, I∞).
(iii) There exists a compact set Z ⊂ X such that dim(X \ Z) n.
Proof of Theorem 1. Let k and m be positive integers with k  m. Consider the space
Y(k) =Q′ × I k , where Q′ =Q ∩ I . Recall from [1, p. 18] that cmpY(k) = CmpY(k) =
defY(k) = k. The required space X(k,m) is the topological sum Y(k) ⊕ X(m). 
The following Theorem 2 and Question about the spaces X(n), n  2, might be in-
teresting when we consider another problem posed by Aarts and Nishiura [1, Problem 4,
p. 71]: Exhibit a separable metrizable space X such that cmpX < CmpX < defX. Indeed,
if for example the Question would be answered negatively in the case of n = 3 and k = 2,
then the space X = X1 ∪ X2 ∪ X3 would satisfy CmpX = 2 < defX by Theorem D. As
cmpX  cmpX(3) = 1, a solution to the above mentioned problem would result.
Theorem 2. For every integer n > 1,
(a) There exist rim-compact closed subsets Xi of X(n) such that X(n) =⋃n+1i=1 Xi .
(b) X(n) cannot be written as the union ⋃mi=1 Yi , where Yi is closed in X(n) and rim-
compact for every i, and m n.
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compact n-dimensional space. Hence, for k = 1, . . . , n + 1, there are finite collections Bmk
consisting of disjoint compact sets with diameters < 1/(m + 1) such that Em =⋃n+1k=1 Bmk .
For each k put Xk = (∂(I 2n−1) × {0}) ∪⋃∞m=0((⋃Bmk ) × {1/(m + 1)}). Observe that Xk
is a closed subset of X(n) and that cmpXk = 0 by Proposition 3.1 of [2]. So Xk is rim-
compact and X(n) =⋃n+1k=1 Xk .
(b) follows the fact that CmpX(n) = n and Theorem D. 
Question. Is it true that def(X1 ∪ · · · ∪ Xk+1) = k for 1  k < n, where Xi is the closed
subset of X(n) from Theorem 2(a) for every i?
For each positive integer k, note that the topological sum M(k) =⊕∞i=1 X(k, k + i) is
a σ -compact space with cmpM(k) = k and CmpM(k) = defM(k) = ∞. Due to the finite
sum theorem for Cmp from [2, Theorem 2.2] the space M(k) cannot be written as the finite
union of closed subsets with finite Cmp or with finite def.
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